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Abstract

High technology products are characterized by the rapid introduction of new
models and the corresponding disappearance of older models. The paper addresses
the quality adjustment problem associated with the construction of price indexes
for these products. A main method for dealing with this problem is the use of
hedonic regression models. Hedonic regressions use either product characteristics
as explanatory variables (Time Dummy Characteristics regressions) or the product
itself as the ultimate characteristic (Time Product Dummy regressions). The paper
considers weighted and unweighted Time Product Dummy regressions. The indexes
which were generated by the hedonic regressions are compared to traditional index
numbers that did not make any special adjustments for quality change. The Ex-
panding Window variant of a Weighted Time Product Dummy regression was used
to address the chain drift problem and the problems associated with extending a
series that cannot be revised. Finally, the estimation of systems of inverse demand
functions was also used to generate various price indexes. Seventeen alternative ap-
proaches were implemented using Japanese price and quantity data on laptop sales
in Japan for the 24 months over the years 2020-2021.
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1 Introduction

An increasing number of business firms are willing to share their price and quantity data
on their sales of consumer goods and services to a national (or international) statistical
office. These data are often referred to as scanner data.

Some scanner data involves high technology products which are characterized by prod-
uct churn; i.e., the rapid introduction of new models and products and the short time
that these new products are sold on the marketplace. This study will look at possible
methods that statistical offices could use for quality adjusting this type of data. Our
empirical example will use data on the sales of laptops in Japan.

A standard method for quality adjustment is the use of hedonic regressions. These
hedonic regressions regress the price of a product (or a transformation of the price) on a
time dummy variable and on either a dummy variable for the product or on the amounts
of the price determining characteristics of the product. The first type of model is called a
Time Product Dummy (TPD) Hedonic regression while the second type of model is called
a Twme Dummy Characteristics Hedonic regression. We will focus on the first type of
model because the most comprehensive characteristic of a product is the product itself;
there is no “missing characteristic problem” with the TPD model. The theory associated
with the TPD model will be discussed in section 2 below. In particular, we will relate
the TPD hedonic regression model to an explicit functional form for purchaser utility
functions.

Section 3 draws on the theory explained in section 2; i.e., we consider weighted and
unweighted Time Product Dummy hedonic regressions in this section using data on lap-
tops sold in Japan over a two year period. The models in this section use only a single
product characteristic: the Japanese product code for each laptop sale. We consider a
single panel regression versus a sequence of bilateral regressions that utilize the price and
quantity data for two consecutive periods. The latter type of model can be implemented
in real time and is called an Adjacent Period Time Product Dummy hedonic regression
model.

Section 4 considers alternatives to hedonic regression models based on standard index



number theory; i.e., maximum overlap chained Laspeyres, Paasche and Fisher indexes are
computed in this section. We also compute the Predicted Share Similarity linked price
indexes and Rolling Window GEKS indexes. The indexes calculated in this section are
also “practical” indexes.

Unfortunately, the various real time indexes that are considered in sections 3 and 4
can suffer from a chain drift problem; i.e., an index for period ¢t which is calculated by
chaining together the results of adjacent period bilateral indexes may not be equal to the
corresponding index that directly compares the prices of period 1 to the prices of period ¢.
In section 5, drawing on the work of Chessa (2016, 2021), an Ezpanding Window variant
of the Implicit Weighted Time Product Dummy index is implemented which (partially)
solves the chain drift problem (but may not be suitable if the products in scope are
not close substitutes). We also discuss the controversy between Krsinich (2016) and de
Haan et al. (2021) on the merits of the Time Product Dummy and the Time Dummy
Characteristics approaches to hedonic regressions.

Section 6 adds three more indexes that could be used to address the chain drift and
lack of matching problem: the Geary Khamis index and the econometric estimation of a
linear utility function and of a CES function using share equations for a system of inverse
demand equations. We point out that the traditional approach to the estimation of a
system of consumer demand functions that is based on estimating an expenditure function
cannot be implemented in situations where there is product churn but our approach which
involves the direct estimation of a utility function can work well.

Section 7 lists some tentative conclusions that we can draw from this study.

The possible contributions of the present paper to the quality change literature include

the following:

e A number of possible methods for dealing with the problem of quality change in
the context of constructing price indexes are compared using the same data set.
In particular, hedonic regression methods are compared to the leading multilateral
index number methods and to methods that involve the econometric estimation of

purchaser preferences.



In section 3, we show that unweighted indexes can be very inaccurate in situations

where there is tremendous product churn.

In section 4, we show that some multilateral methods are also subject to substantial

bias in situations where there is rapid product turnover.

In section 5, we show that the expanding window methodology pioneered by Chessa

(2016, 2021) can lead to indexes which are largely free from chain drift.

In section 6, we show how standard consumer demand theory can be adapted to

deal with missing products.

2 Hedonic Regressions and Utility Theory: The Time
Product Dummy Hedonic Regression Model

The theoretical framework developed in this section draws on and extends Diewert (2025),
in which the first author set out the consumer-theoretic foundations of the Time Product
Dummy hedonic regression model.

Quality adjustment in price index construction requires anchoring observed price
movements in the utility that purchasers derive from the products in scope. Every product
is characterised by a bundle of attributes whose presence, and amounts, shape that utility.
Two broad families of hedonic regression have been proposed to exploit this structure.
The first regresses product prices (or a suitable transformation thereof) on the measured
amounts of each price-determining attribute. The second replaces the attribute vector
with a set of product dummy variables: since every product embodies its own distinct
combination of attributes, a single indicator variable encapsulates that bundle entirely.!
Both families admit an explicit link to purchaser utility functions. Throughout this pa-
per we work exclusively with the second class, regressing log prices on time and product

indicator variables.

!This second class of models is the time-series counterpart of the Country-Product-Dummy (CPD)
method widely used in international price comparisons; see Summers (1973) and Diewert (2005b).



Consider an economy with N products and T time periods. Write the vectors of
(unit-value) prices and quantities for period ¢t as p' = [ps, ..., pv] and q* = [qu1, - - -, @n],
fort =1,...,T.2 As a point of departure, suppose all prices and quantities are strictly
positive — the case of missing products is addressed below. Our key behavioural postulate

is that purchasers collectively maximise the following linear utility function f(q):

N
f(q):f(Q17q27"'an)EZ&TLQnEa'q (21)
n=1

where each «,, > 0 serves as a quality adjustment factor for product n. If all purchasers

3

in period ¢ face a common price vector p’,® aggregate purchases ' solve maxq{a - q :

p'-q=c¢'; q> 0y}, with e’ denoting total expenditure in period ¢. The Kuhn-Tucker

conditions for an interior optimum (q', \;) yield the following N + 1 equations:

a = \p; (2.2)

p'-q =¢. (2.3)

Pre-multiplying equation (2.2) by ' and invoking the budget constraint (2.3) gives

an explicit expression for the Lagrange multiplier:
M=a-q"/e>0. (2.4)

Setting m; = 1/\; and dividing equation (2.2) through by \; yields the time product

dummy estimating equations:*

DPin = Tp; t=1,....T; n=1,...,N. (2.5)

Period-t price and quantity aggregates are defined by Q' = a-q" and P' = €' /Q" =
the price of product n in period t factorises into a common price level 7, and a product-

specific quality weight «,,.

2This general hedonic framework follows Court (1939) and Griliches (1971).
3This is satisfied whenever uniform pricing prevails and quantity discounts are absent.
4A derivation in a related but distinct context appears in Diewert (2005b).

4



To handle product churn — periods in which some products are absent — let S(t) =
{n : qn > 0} denote the set of products traded in period t and S*(n) = {t : ¢, > 0} the
set of periods in which product n appears. Log-linearising equation (2.5) and introducing

expenditure-share weights s, leads to the weighted least squares problem:®

T

Izllglz Z Stn [0 Pt — pr — ﬁn]Q (2.6)
7 )

t=1 neS(¢

with p; = Inm and 8, = In a,. Uniqueness is secured by the normalisation p} = 0.

The first-order conditions of problem (2.6) admit the closed-form characterisation:

T = exp Z StnIn(pn /o) |5 t=1,...,T; (2.7)
[ nes()
[ > swIn(p/7)

ar = exp restin) : n=1,...,N. (2.8)

*

*) support two distinct routes to period-t price and

The estimated parameters (7,

quantity aggregates:

P* =7 Q" =p'-d'/x; (2.9)

Qt** = a* A qt; Pt** = pt X qt/(a* A qt) S Pt*. (210)

The inequality in (2.10) is an instance of Schlomilch’s inequality — a weighted harmonic
mean never exceeds the corresponding weighted geometric mean.’ In our empirical ap-
plication the two routes yield virtually indistinguishable price indexes.

Not all economists subscribe to this consumer-theoretic derivation. Rosen (1974) and
Triplett (1987, 2004) have advocated a more general equilibrium approach that incor-

porates supply-side conditions alongside demand. The purely demand-side perspective

®Working in logarithms is motivated by Court (1939). The unweighted (equally-weighted) counterpart
yields price levels that lack invariance to the units of measurement, as shown by Diewert (2023). Economic
theory naturally suggests s;, as the appropriate weight.

6See Hardy et al. (1934, p. 26). The bounds P'** < P were established by de Haan (2004b, 2010)
and de Haan and Krsinich (2014, 2018).



adopted here has nevertheless been endorsed by Griliches (1971, pp. 14-15), Muellbauer

(1974, p. 988) and Diewert (2003a,b).

3 Time Product Dummy Regression Models

We obtained data from a private firm that collects price, quantity and characteristic
information on the monthly sales of laptop computers across Japan. The data are thought
to cover more than 60% of all laptop sales in Japan. We utilized the data for the 24 months
in the years 2021 and 2022 for our regressions and index computations. There were 2639
monthly price and quantity observations on laptops sold in total over all months. Over
the 24 months in our sample, 366 distinct products were sold so n = 1,...,366. If each
product sold in each month, we would have 366 x 24 = 8784 positive monthly prices
and quantities, but on average, only 30.0% of the products were sold per month since
2639/8784 = 0.300. Thus there is tremendous product churn in the sales of laptops in
Japan.

The period ¢ average price index P} and the period ¢ unit value price index Pl are

defined as follows:

ANt

P = 2nesio) Pin/ (); t=1,...,24 (3.1)
ZnES(l) pin/N(1)

P, = 2nes(o Prntin/ 2oncsto 4 t=1,...,24. (3.2)

ZnES(l) panln/ ZnES(l) din ,

where N (t) is the number of laptops sold in period ¢.

The Weighted Time Product Dummy least squares minimization problem was de-
fined by (2.6). To obtain a unique solution, we added the normalization p; = 0. The
corresponding Unweighted Time Product Dummy least squares minimization problem
is defined by (2.6) with all expenditure shares sy, set equal to 1. The (sample wide)

unweighted Time Product Dummy regression model can be expressed as:

24 366
mP=> pDi+» Dy +e. (3.3)
t=2 k=1



The R? for the above regression turned out to be 0.9836 where we set p} equal to zero.
The estimated p; were exponentiated and the sequence of the 7} = exp[p;] are the Time
Product Dummy Price Indezes Pkpp,, which are listed in Table A-1 in the Appendix.

To obtain the Weighted Time Product Dummy Price Indexes, multiply the vectors on
both sides of (3.3) (excluding the error vector e) by the vector of positive square roots of
the month by month expenditure shares s;,, on the products which were purchased in each
period. The R? for this weighted time product dummy regression was 0.9840. The new
sequence of mF = explp;] are the Weighted Time Product Dummy Price Indexes Plyrpp,
which are listed in Table A-1 and plotted on Chart 1 below. Define the Implicit Weighted
Time Product Dummy period t price index as Plyrpp = P™* /P using equations (2.10).
The indexes Ply,pp are also listed in Table A-1 and plotted on Chart 1 below.

Since Pf,;pp requires data from all T' periods simultaneously, it cannot be computed
in real time. To obtain real-time indexes, we turn to the adjacent period methodology.
Define S(1,2) as the set of products that were purchased in months 1 and 2. The
counterpart regression to the unweighted time product dummy hedonic regression that

links the prices of months 1 and 2 is:

mP* =pD5+ Y BDj +e” (3.4)
keS(1,2)

where In P*, D7, and the product dummy vectors are all restricted to the observations
corresponding to the products n that were sold in periods 1 and 2.7 Using the results of
the latter regression, we defined P} prpp = 1 and P3 o pp = explps]. In all, 23 unweighted
bilateral time product dummy variable regressions were run. The Adjacent Period Time
Product Dummy Price Indexes P prpp and their weighted counterparts Py, 4 prpp® are
listed in Table A-1 in the Appendix, together with the simple average and unit value

price indexes, P} and Pf,. Chart 1 below plots these indexes.

"Due to rapid product turnover, most of the product dummy variable vectors D%, will be vectors of
zeros if we include all 366 products. The second line in (3.4) sums only over the products that actually
sold in periods 1 and 2.

8In order to obtain the Weighted Adjacent Period Time Product Dummy Price Indexes Py, 4 prpps
we took the 23 bilateral regressions and multiplied the dependent and independent variables in each of
these regressions by the square root of the appropriate expenditure share.



Time Product Dummy Price Indexes
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Figure 1: Sample Wide and Adjacent Period Weighted and Unweighted Time Product
Dummy Indexes

The average price index P, and the Unit Value price index P[;,, are much higher
than the other indexes because they do not adjust for improvements in the quality of
laptops over time. They are also more variable than the other indexes.

There are large differences between the weighted and unweighted Time Product
Dummy price indexes with the unweighted indexes generating lower rates of laptop in-
flation. We prefer the weighted estimates over their unweighted counterparts due to the
unrepresentative nature of the unweighted indexes. However, the adjacent period in-
dexes, P'prpp and Pl 4prpp end up well below their panel data counterpart indexes,
Pilpp and Plppp. Since there are large month to month fluctuations in laptop prices
and quantities, it seems likely that the adjacent period indexes suffer from a chain drift

problem.

4 'Traditional Indexes and Similarity Linked Price In-
dexes for Laptops

Some of the indexes defined in the previous sections were chained indexes; i.e., the index

constructed for month ¢ compared the prices for month ¢ with the prices for month ¢t — 1.



However, it is not the case that all bilateral comparisons of prices between two months
are equally accurate: if the relative prices for matched products in months r and ¢ are
very similar, then the Laspeyres and Paasche price indexes will be close to each other
and hence it is likely that the “true” price comparison between these two periods will be
close to the bilateral Fisher (1922) index. This test suggests that a more accurate set of
price indexes could be constructed if a bilateral comparison of prices was made between
the two months that have the most similar relative price structures.” The Predicted
Share method of linking months with the most similar structure of relative prices will be
explained under the assumption that it is necessary to construct a price index P! in real
time.!?

The price and quantity data are organized into 24 price and quantity vectors of dimen-
sion 366, p' = [pl,ph, ..., Phe) and g = [¢h, &, . .., ¢heg), for t = 1,...,24. If product k is
not purchased during month ¢, then we set pt = ¢&. = 0. For months r and ¢, define the set
of products k that are present in both months as S(r,t). The matched model Laspeyres
and Paasche indexes, Py (t/r) and Pp(t/r), and the matched model Fisher index Pr(t/r)

are defined as follows:

> phak

Pot/r) =200 << (4.1)
> i
keS(rt)
> phak
Pr(t/r) = 22— 1<rt<24 (4.2)
Z Prdx
keS(rt)
Pp(t/r) = [PL(t/r)Pp(t/r)]"?: 1 <rt<24.11 (4.3)
The month t expenditure shares are:
t — t t t t\. _ . _

9This approach was used by Hill (1997, 2004) and by Shankar and Hajargasht (2017) in the spatial
context. Hill (2001, 2004) also pursued this similarity of relative prices approach in the time series
context.

10This method is explained more fully in Diewert (2023).



The following Predicted Share measure of relative price dissimilarity, A(p”, p',q",q"),
is well defined even if some product prices in the two periods being compared are equal

to zero:'?

The 24 x 24 matrix of Predicted Share measures of relative price similarity for our
laptop data are listed in Table A-5 in the Appendix. This matrix can be used to construct
the relative price similarity linked Predicted Share Price index, P&, for ¢t = 1,...,24. See
Diewert and Shimizu (2026) for the details of the construction.

It turns out that the relative price similarity linked indexes P§, the Fisher chained
maximum overlap indexes Pl and the Adjacent Period Weighted Time Product Dummy
price indexes Py 4prpp are all extremely close to each other for our laptop data set.'

There are two additional indexes that we compute: the GEKS indexes Py ¢ and the
Rolling Window GEKS with a mean splice indexes Phyaprs-'t The preliminary GEKS
price level for period t, PLyqp, is defined as follows:

t — pt 1 . t —
PGEKS - PGEKSP/PGEKSP7 PGEKSP =

o4 1/24
HPF(t/r)] cot=1,...,24.  (4.6)

r=1

A problem with the GEKS indexes in our present context is the rapid introduction
of new products and a corresponding rapid pace of product disappearance. Only one
product (#162) was purchased in all 24 months. Thus the Fisher bilateral price index
that compares the prices in month 24 to the same product prices in month 1 collapses
down to the price of product 162 in month 24 divided by the price of product 162 in

month 1. The GEKS index is likely to suffer from a lack of matching bias.

12Gee Diewert (2023) for the axiomatic properties of this measure.

13The bilateral link Fisher indexes that were used to construct the similarity linked indexes were equal
to adjacent period matched model bilateral Fisher indexes for 20 out of 23 bilateral links. This explains
why the chained Fisher index Pl is so close to the relative price similarity linked indexes P%. The
bilateral link indexes used to construct the Weighted Adjacent Period Time Product Dummy indexes
Pl sprpp are also numerically close to the corresponding matched model bilateral Fisher index, which
explains why PJi, s prpp is close to Phqy; see Diewert (2005a) on this approximation.

14The GEKS index dates back to Gini (1931) and the Rolling Window with a mean splice dates back
to Ivancic et al. (2011) and Diewert and Fox (2022).
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Table A-2 in the Appendix lists the indexes P, Ph.y, Picys Phoy, Phiprs and

Phverks, and they are plotted in Chart 2 below.

Predicted Share Similarity Linked Index and Other Comparison Price Indexes
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Figure 2: The Predicted Share Similarity Linked Index and Other Comparison Price
Indexes

The sample wide GEKS index, Py, finishes higher than the other indexes followed
by the sample wide Weighted Time Product Dummy index P, ;pp, which is virtually
identical to its counterpart Implicit Time Product Dummy index, Pfy7pp (not shown).
These three indexes are completely transitive and hence are not subject to chain drift.
However, the sample wide GEKS indexes are not very reliable due to an extreme lack of
product matching over time. It is likely that the 5 indexes P§, Proy, Pioy, Phoy and
Pl sprpp all suffer from some downward chain drift. The fact that the similarity linked
indexes P§ satisfy Walsh’s (1921) Multiperiod Identity Test is not sufficient to rule out
chain drift."”

In the following section, we suggest a new approach to the extension problem.

15Tn order to be certain to eliminate chain drift, we need the indexes to satisfy the transitivity or
circularity test in index number theory; see Chapter 8 in Fisher (1922). The problem with the predicted
share methodology is that it tends to pick the previous period as the preferred period to link the current
period index to an earlier most similar in structure period. Fox et al. (2025) noted this problem in their
study of the chain drift problem for UK prices.
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5 Expanding Window Weighted Time Product Dummy
Indexes

We can determine whether a given price index suffers from a chain drift problem by com-
paring it to a “reasonable” index that does not suffer from chain drift. Consider the sample
wide Weighted Time Product Dummy price index, Pj;pp. Using equations (2.10), define
month ¢ aggregate quantity levels Q"* and the Implicit Weighted Time Product Dummy

price levels P™**:
B = o* - P*=p'-q/(a*-q'); t=1,...,24. (5.1)
Define the month t Implicit Weighted Time Product Dummy price index Py rpp as:
Plyrpp = P* /PP t=1,...,24. (5.2)

The implicit price index Pl rpp is also transitive; i.e., it satisfies the circularity test
and thus it is free from chain drift.®
Our first suggested approximation constructs Ezpanding Window Weighted Time Prod-

uct Dummy price indezes, Py, for t =1,2,...,24. We show how this can be done.
Step 1: Define Piy, = 1.

Step 2: Run the weighted Time Product Dummy regression that links months 1 and
2 as in section 3 above. Exponentiate the estimated (] to get estimated o] for
k =1,...,366. Use definitions (5.1) for t = 1,2 to define P™** and P?**. Define
P%W = PZ**/Pl**.

Step 3: Run a weighted Time Product Dummy regression using the data for months 1,

2 and 3.17 Define P, = P3**/pl*,

16Using an expanding window (instead of using a rolling window) to construct multilateral indexes
was suggested (and implemented) by Chessa (2016, 2021). The idea of using an ever expanding window
was suggested by Diewert (2023) in the context of the predicted share price similarity methodology.

"The unweighted counterpart to the weighted regression has the form InP* = p3;D5 + piDj +
2 okes(1,2,3) PeDjy + € where S(1,2,3) is the set of products which were sold in months 1, 2 or 3.

12



Step 24: The final step simply sets Pz}, equal to the month 24 Tmplicit Weighted Time

Product Dummy price index Py 1pp-

The Ezpanding Window price indexes, Phy,, are listed in Table A-3 in the Appendix
and plotted on Chart 3. Tt can be seen that the Expanding Window price indexes P}y,
are reasonably close to their transitive counterpart indexes, the Implicit Weighted Time
Product Dummy indexes, P}, ;rpp, and they are very close near the end of the sample
period.

If the statistical agency is able to collect price and quantity data on the products in
scope on a retrospective basis, then Modified Expanding Window price indexes Pl
could be used.'® To construct these indexes, start off with a window of 12 months of
data and construct Implicit Weighted Time Product Dummy indexes for this 12 month
window. Then simply switch over to the Expanding Window price indexes for months 13
to 24. The Modified Expanding Window price indexes, Pl;py,, are also listed in Table A-3
and plotted on Chart 3.

The Modified Expanding Window indexes P}y, are in general closer to our target
transitive indexes Pf,;pp for months 1-12 than the Expanding Window indexes P .
Of course, Pl coincides with Pfy, for months 13-24 by construction. The first 3
indexes listed in Table A-3 all coincide at month 24.

The limitations of the Expanding Window Weighted TPD model include:*

e New and existing products must compete in the marketplace for more than one
period. It is this competition between products that will enable us to estimate the

relative values of the products to purchasers.?’

8Krsinich (2016, p. 401) noted that estimates for the quality adjustment parameters a, are not reliably
determined until the products have been present in the marketplace for several periods. This observation
helps to explain why the Modified Expanding Window (EW) estimates will be more accurate than the
simple EW estimates for the first few periods.

9For an early application of the Rolling Window Weighted TPD model, see section 7 of Ivancic et al.
(2009).

20This limitation of the TPD methodology was recognized by Krsinich (2016, pp. 400-401) and de
Haan et al. (2021, p. 395). Consider the extreme example where a new product enters the marketplace
every period but exits after only one month. There is an extreme lack of matching bias.

13



Expanding Window and Weighted Time Product Dummy Price Indexes
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Figure 3: Expanding Window and Weighted Time Product Dummy Price Indexes

e The Time Product Dummy model relies on the assumption that purchasers have
the same linear preferences over the products in scope. If the R? is low, it may be

best to turn to a model that allows for more flexible purchaser preferences such as

Rolling Year GEKS or CCDI.%

e The Expanding Window Weighted TPD model does not allow for preference changes.

6 Other Preference Models

In this section, we will consider only the estimation of sample wide indexes. The Ever
Expanding Window methodology considered in the previous section can be adapted to

produce real time Nonrevisable Indexes.

6.1 The Geary-Khamis Index

Another multilateral index that is being used by some National Statistical Offices is the
Geary (1958) Khamis (1970) price index. The GK index is used in the Netherlands to

construct some components of the Dutch CPI; see Chessa (2016).

210n the Rolling Year GEKS methodology, see Ivancic et al. (2011). On the Rolling Year CCDI
methodology, see Diewert and Fox (2022) and Fox et al. (2025). The CCDI multilateral price index is
due to Caves et al. (1982) and Inklaar and Diewert (2016).

14



Define S*(n) as the set of periods ¢t where product n was sold. Define the vector
a =", q'. The equations which determine the GK price levels Ply, ..., P% and the

quality adjustment factors a, ..., ases (up to a scalar multiple) are:

Gtn Pin
= {_} [@} ; n=1...,366; (6.1)

teS*(n) in
Phy = Z Penlin/ (- q"); t=1,...,24 (6.2)
nes(t)
where o = [a, ..., ase]. We chose the normalization PéK = 1. The GK price and

quantity levels have some good axiomatic properties including invariance to changes in

the units of measurement.??

6.2 Linear Utility Function

Recall that we assumed utility maximizing behavior in Section 2 with the assumption
of linear preferences. The first order conditions lead to the following inverse demand

estimating share equations:®3

Stn = Qmon/(a-q'); t=1,...,24; n=1,...,366. (6.3)

These share equations can be stacked up into a single estimating equation. The

resulting nonlinear least squares minimization problem is:

24 366

m;nz Z {stn — [@man/(a - q")] }2 : (6.4)

t=1 n=1

If a* is a solution to (6.4), then so is Aa* for any positive scalar \. Since product

162 is present in all 24 months, we impose the normalization ajg; = 1.

22Gee Balk (1996) and Diewert (1999, 2023) on the test properties of various multilateral indexes.

23We work with inverse demand functions where period ¢ prices are functions of period t expenditure
e! and the period t quantity vector q°. Thus we are estimating the direct utility function f(q) instead
of its dual unit cost function. When product n is not purchased in period ¢, the corresponding quantity
G+n is equal to 0. We have set p;, = 0 by assumption for missing products. It is relatively easy to
estimate inverse demand systems when there are missing products but more or less impossible to estimate
traditional demand systems that estimate expenditure functions when there are missing products because
the theoretically correct product prices are unobserved reservation prices.
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The nonlinear regression option in Shazam was used to solve the minimization problem

*

defined by (6.4). Denote the estimated « vector as a*. Preliminary month ¢ quantity
and price levels were defined as Q* = o - q' and P* = ¢'/Q™ for t = 1,...,24. These
preliminary price levels were divided by P in order to define the Linear Utility Price
indezes, Pi,; = P™*/P™ for t = 1,...,24. The R? for this regression was 0.9986.%

It is interesting to compare the P}, price levels that are generated by this consumer
demand model with the price levels P,;pp that were generated by the Weighted Time
Product Dummy Hedonic regression model estimated in Section 3.2° Both models are

based on the implicit or explicit assumption of linear purchaser preferences. For our data

set, the two choices generated much the same indexes so the choice was not material.

6.3 CES Utility Function

A problem with the assumption of linear preferences is that it implies that the products
are perfectly substitutable with each other; i.e., that the elasticity of substitution between
products o is equal to plus infinity. For our final index, we assume that purchasers have
6

Constant Elasticity of Substitution preferences.?

The CES utility function, f(q), is defined as follows:

366 1/
fla) = [Z Oén(qn)”] (6.5)

where the «,, are positive parameters and the parameter x satisfies the inequalities 0 <
k < 1.27 Note that if the parameter x equals 1, then the CES utility function defined
by (6.5) becomes the linear utility function.

We obtained estimates for the CES utility function by solving the following nonlinear

24We use the raw moment definition of R?. Let s denote the vector of observed expenditure shares of
dimension 8784, let f denote the vector of fitted shares and let e denote the error vector so that s = f+e.
Then R2 = (s-f)?/(s-s)(f - f).

25 Note that both models generate normalized price levels that are invariant to changes in the units of
measurement.

26This functional form was popularized by Arrow et al. (1961) in the context of production theory.
For more on estimating CES utility functions, see Balk (1999) and de Haan and Krsinich (2024).

2"We require that x < 1 to ensure that the utility function is concave in the components of q and we
require that x > 0 in order to ensure that the utility function is well defined if any component of the q’
vector happens to be equal to 0.
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least squares minimization problem:

IBmZ Z Stn — M : (6.6)

As was the case for the estimation of the linear utility function, we set ajgo = 1. The
log likelihood for the linear utility function model was 58966.39. It took Shazam 317
iterations and 16.4 hours to converge. The final log likelihood for the new CES model
was 58966.44. The estimate for x was k* = 0.99962, which is very close to 1, so the
resulting CES estimated price and quantity indexes, PlLpg and QL g, are very close to
the corresponding indexes for the linear utility function model. The estimated elasticity
of substitution was o* = 1/(1 — k*) = 2658.8.

The five best indexes are compared in Table A-4 in the Appendix and plotted on

Chart 4.
Linear and CES Utility Function, GK and Weighted TPD Price Indexes
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=
[
—
- 0.90000 1
2
]
=
P
5 0.85000 -
£
(]
L
&
0.80000 -
PEES —_ PANTPD
—— PLU el ki
0.75000 + poK PEBF (ref.)
T T T T T T T T T T T
1 3 5 7 9 11 13 15 17 19 21 23

Month t

Figure 4: Linear and CES Utility Function, GK and Weighted Time Product Dummy
Price Indexes

It can be seen that the CES and Linear Utility function price indexes, Pf ¢ and Py,
cannot be separately identified in the above Chart. The next 3 indexes, Py, Plyrpp and

Plyvrpp, are very close to each other and lie below the first two indexes. The CES indexes
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are consistent with a more flexible functional form than the remaining 4 indexes, which
are consistent with linear preferences.?® But the estimated elasticity of substitution is so
high that the CES index essentially collapses down to a linear utility function. Thus all 5
indexes should give much the same answer but it can be seen that the 5 indexes separate
into two separate groups of indexes. For our particular data set, we cannot definitively
single out any one of the above indexes as “best”. However, the fact that the CES model
is consistent with both linear preferences and more general preferences (which do not
assume that the products in scope are perfectly substitutable) cause us to lean towards

this model.

7 Conclusion

We have calculated 17 separate indexes using our laptop data in the previous sections:
t t i t t t t t t t t t

Py, Pov, Prep, Pwrep, Prwrep: Papreos Pwarrep: Ps: Prcny Pren, Ppen: Papks
t ¢ t t t

Pew, Pypw, Por: Py and Pogg.

The following tentative conclusions emerge from our study:

e When price and quantity data for the products in scope are available, it is best to use
weighted hedonic regressions that take into account the economic importance of the
products. We found substantial differences between our weighted and unweighted

(or more accurately, equally weighted) hedonic regressions.

e There was a possible chain drift problem with all of our models that used chaining
to link adjacent periods. The chain drift problem was not cured by the use of the
multilateral predicted share method because most of the bilateral links chosen by

the method were chain links.??

e Fixed Base indexes and GEKS and Rolling Window GEKS did not work well for

our example due to the lack of matched products when the time period between

Z8The GK indexes are also consistent with Leontief (1947) preferences and the two Weighted Time
Product Dummy indexes are also consistent with Cobb-Douglas (1928) preferences. But Leontief and
Cobb-Douglas preferences are not plausible in our present context when there is tremendous product
churn.

29The recent paper by Fox et al. (2025) found the same result for many product classes.
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the base and current period grows.

e A possible solution to the chain drift problem for our example was provided by the
use of the Expanding Window methodology explained in section 5. This method
should work well for many product classes where substitution between the compet-
ing products is high and each product is available on the marketplace for a number

of consecutive periods.

e Charts 2 and 4 show that different well established index number and consumer de-
mand methods generate substantially different measures of price (and hence quan-
tity) change.?® Thus the method used to quality adjust products with a high degree
of product churn matters. We could eliminate some methods as being unsatisfac-
tory but we are not able to choose which method was “best” in a definitive manner

between the 5 indexes that appeared on Chart 4.

Our research showed that many models may suffer from chain drift bias or from a
lack of matching bias. There is a need to do additional research to see if the methods

suggested in this paper to address these problems are robust.

30This “fact” helps to explain why inflation rates for high tech products differ so much across countries:
a definitive method for quality adjustment has not yet emerged.
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Appendix: Numerical Results

This appendix presents the complete monthly numerical results for all price indexes com-
puted in sections 2-6, corresponding to the four charts in the main text, together with

the matrix of Predicted Share dissimilarity measures discussed in section 4.

Table A-1: Time Product Dummy Price Indexes (Chart 1)

Table A-3 lists the seven indexes plotted on Chart 1: the simple average price index
P!, the unit value index Pf,, the unweighted and weighted sample-wide Time Product
Dummy indexes Pt and Pl ppp, the Implicit Weighted TPD index Pl ;pp, and the
unweighted and weighted Adjacent Period TPD indexes Piprpp and Plyiprpp. All

indexes are normalised to unity at ¢t = 1.

Table A-1: Sample Wide and Adjacent Period Weighted and Unweighted Time Product
Dummy Price Indexes

t t t t t t t
Month Py Pjy Prpp Pwrpp Prwrpp Paprep Pwaprpp

1 1.000 1.000  1.000 1.000 1.000 1.000 1.000
2 1.035 0.997  0.983 0.988 0.988 0.993 0.999
3 1.035 1.010 0.978 0.982 0.982 1.031 1.007
4 1.021 0.995  0.965 0.980 0.980 1.021 1.010
5} 1.063 1.020  0.933 0.969 0.969 1.039 1.007
6 1.066 1.002  0.937 0.951 0.951 1.030 0.995
7 1.027 0984  0.906 0.923 0.922 0.989 0.972
8 1.020 0974  0.889 0.918 0.918 0.981 0.960
9 1.011 0951  0.877 0.910 0.910 0.965 0.953
10 1.036 0991  0.874 0.903 0.903 0.972 0.949
11 1.013 0.947  0.833 0.879 0.878 0.945 0.929
12 0.949 0.879  0.825 0.851 0.851 0.913 0.899
13 0.903 0.844  0.808 0.833 0.833 0.911 0.875
14 0914 0.846 0.795 0.826 0.825 0.897 0.863
15 0.899 0.846  0.779 0.814 0.814 0.884 0.851
16 0932 0854 0.779 0.823 0.823 0.891 0.862
17 0.891 0.802 0.771 0.820 0.820 0.884 0.857
18 0.866 0.791  0.759 0.810 0.810 0.873 0.846
19 0.851 0.799  0.754 0.809 0.809 0.869 0.841
20 0.831 0.793  0.745 0.798 0.798 0.849 0.825
21 0.848 0.771  0.737 0.788 0.788 0.847 0.818
22 0.904 0.853 0.733 0.785 0.784 0.845 0.807
23 0.859 0.846 0.724 0.768 0.768 0.843 0.795
24 0.892 0.878  0.707 0.745 0.745 0.831 0.788
Mean 0.964 0922  0.842 0.876 0.876 0.938 0.912
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Table A-2: Similarity Linked and Traditional Price Indexes (Chart 2)

Table A-4 lists the eight indexes plotted on Chart 2: the Predicted Share similarity
linked index P{, the chained Fisher (Pl ), Laspeyres (Pjoy) and Paasche (Phoy)
indexes, the sample-wide GEKS index Plpys, the Rolling Window GEKS with mean
splice Phyarxs, and the Weighted Adjacent Period TPD index PJ, 4prpp and Weighted

TPD index P pp (shown for reference).

Table A-2: Predicted Share Similarity Linked Index and Other Comparison Price Indexes

t t t t t t t t
Month Ps Pprecy Prew Ppew Poexs Prweeks Pwaprep Pwrep

1 1.000 1.000  1.000 1.000 1.000 1.000 1.000 1.000
2 0.993 0993 0.995  0.991 0.990 0.988 0.999 0.988
3 0.98 098 098  0.984 1.005 0.983 1.007 0.982
4 0.983 0983 0.983  0.983 1.016 0.982 1.010 0.980
5 0979 0972 0970  0.975 0.994 0.978 1.007 0.969
6 0.968  0.962  0.959  0.965 0.984 0.966 0.995 0.951
7 0.948 0941 0.939 0.944 0.954 0.938 0.972 0.923
8 0.935 0927 0.924  0.930 0.946 0.928 0.960 0.918
9 0.925 0918 0.912  0.923 0.933 0.917 0.953 0.910
10 0.926 0918 0.905  0.932 0.930 0.919 0.949 0.903
11 0.894 0889  0.872  0.907 0.906 0.888 0.929 0.879
12 0.862  0.857  0.841 0.873 0.880 0.856 0.899 0.851
13 0.828 0.824  0.811 0.836 0.859 0.822 0.875 0.833
14 0.817 0813 0.803  0.823 0.853 0.816 0.863 0.826
15 0.798 0.794 0.784  0.805 0.836 0.797 0.851 0.814
16 0.797  0.792  0.781 0.804 0.841 0.800 0.862 0.823
17 0.789  0.78 0.773  0.796 0.846 0.798 0.857 0.820
18 0.780  0.776  0.765  0.786 0.824 0.779 0.846 0.810
19 0.768  0.764 0.755  0.773 0.841 0.773 0.841 0.809
20 0.753  0.749  0.740  0.757 0.848 0.759 0.825 0.798
21 0.743  0.739  0.733  0.746 0.836 0.753 0.818 0.788
22 0.734 0730 0.724  0.736 0.835 0.746 0.807 0.785
23 0.715  0.711  0.707  0.716 0.794 0.728 0.795 0.768
24 0.693  0.690 0.689  0.690 0.760 0.710 0.788 0.745
Mean 0.860  0.855  0.847  0.862 0.898 0.862 0.912 0.876

Table A-3: Expanding Window Price Indexes (Chart 3)

Table A-3 reports the four indexes discussed in section 5: the Expanding Window index
P}, the Modified Expanding Window index P}, gy, the Implicit Weighted Time Product

Dummy index P} 1pp, and the directly estimated Weighted Time Product Dummy index
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Pl rpp- All four indexes are normalised to unity at ¢ = 1.

The table shows that Pfy, and Pl converge to the transitive target Py rpp by
month 24 (all three equal 0.745), while P}y, tracks Phyrpp more closely during the
first 12 months because it is initialised on a full retrospective window.

Table A-3: Expanding Window, Modified Expanding Window and Weighted Time Prod-
uct Dummy Price Indexes

Month Pty Pirpw  Prwrep Plvrep

1 1.000 1.000 1.000 1.000
2 0.994 0.988 0.988 0.988
3 0.985 0.979 0.982 0.982
4 0.984 0.976 0.980 0.980
5 0.985 0.966 0.969 0.969
6 0.973 0.950 0.951 0.951
7 0.943 0.928 0.922 0.923
8 0.934 0.920 0.918 0.918
9 0.921 0.913 0.910 0.910
10 0.908 0.906 0.903 0.903
11 0.884 0.884 0.878 0.879
12 0.855 0.855 0.851 0.851
13 0.822 0.822 0.833 0.833
14 0.811 0.811 0.825 0.826
15 0.797 0.797 0.814 0.814
16 0.806 0.806 0.823 0.823
17 0.811 0.811 0.820 0.820
18 0.797 0.797 0.810 0.810
19 0.799 0.799 0.809 0.809
20 0.792 0.792 0.798 0.798
21 0.784 0.784 0.788 0.788
22 0.786 0.786 0.784 0.785
23 0.766 0.766 0.768 0.768
24 0.745 0.745 0.745 0.745
Mean  0.870 0.866 0.870 0.870

Table A-4: Best Five Price Indexes from Preference-Based Models

(Chart 4)

Table A-4 reports the five indexes discussed in section 6: the CES utility function index
Pl g, the Linear Utility index P}, the Geary-Khamis index Pf,, the Weighted Time
Product Dummy index P{;pp, and the Implicit Weighted Time Product Dummy index

Plyrpp- All indexes are normalised to unity at ¢t = 1 and are reported to five decimal

22



places to reveal the small but systematic differences between them.

The table highlights two distinct clusters: the first (PLq and Pf;) produces higher
price levels throughout the sample, ending near 0.787-0.788 at month 24, while the second
(PLys Plyrpps Phwrpp) ends near 0.744-0.745.

Table A-4: Linear and CES Utility Function Price Indexes, Geary Khamis, Weighted
TPD and Implicit Weighted Time Product Dummy Price Indexes

Month ¢t  Plpg P}y Pty Pyrpp Plwrep

1 1.00000 1.00000 1.00000  1.00000 1.00000
2 0.98960 0.98966 0.98855  0.98828 0.98800
3 0.98599 0.98608 0.98209  0.98205 0.98203
4 0.98464 0.98465 0.98050  0.98006 0.98006
5} 0.97518 0.97525 0.97078  0.96878 0.96867
6
7
8

0.95721 0.95726 0.95443  0.95087 0.95101

0.93006 0.93020 0.92600  0.92250 0.92232

0.92822 0.92829 0.92181  0.91801 0.91792
9 0.91986 0.91992 0.91371  0.90983 0.90975
10 0.91384 0.91388 0.90620  0.90323 0.90303
11 0.89257 0.89258 0.88160  0.87881 0.87834
12 0.86571 0.86567 0.85367  0.85129 0.85132
13 0.85332 0.85345 0.83144  0.83276 0.83257
14 0.84888 0.84905 0.82270  0.82554 0.82512
15 0.84305 0.84323 0.81018  0.81431 0.81357
16 0.85972 0.85988 0.81924  0.82328 0.82289
17 0.86538 0.86548 0.81675  0.82048 0.82014
18 0.85432 0.85444 0.80651  0.81037 0.80959
19 0.85803 0.85810 0.80527  0.80906 0.80882
20 0.84628 0.84634 0.79437  0.79830 0.79788
21 0.83758 0.83764 0.78358  0.78818 0.78764
22 0.83056 0.83070 0.78265  0.78460 0.78436
23 0.81405 0.81421 0.76665  0.76781 0.76800
24 0.78754 0.78771 0.74412  0.74478 0.74489

Mean 0.89340 0.89349 0.86928  0.86972 0.86950

Table A-5: Predicted Share Dissimilarity Measures

Table A-5 lists the 24 x 24 matrix of Predicted Share measures of relative price dissimi-
larity defined by equation (4.5). Entry (r,t) measures the dissimilarity between months
r and t. The matrix is symmetric and has zeros on the diagonal. Small values indi-
cate similar relative price structures; large values indicate substantial dissimilarity. The

similarity-linked Predicted Share index P reported in Table A-2 is constructed by linking
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Fisher bilateral price indexes between the pair of periods with the smallest dissimilarity

measure.
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Table A-5: Predicted Share Dissimilarity Measures A(p”, pt,q", q") x 10? (row = r,

column = ¢)

Month t
r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1 0.00 1.03 0.88 1.70 3.12 4.92 5.14 5.06 7.19 6.43 8.76 10.09 13.96 14.12 14.87 17.84 29.95 37.98 39.37 60.77 58.92 84.98 86.46 101.32
2 1.03 0.00 0.07 0.92 1.46 2.57 2.68 3.25 4.10 4.48 5.46 5.54 8.32 9.35 10.13 11.58 23.56 29.93 34.28 50.73 50.08 67.05 65.71 85.55
3 0.88 0.07 0.00 0.46 0.57 1.19 1.63 1.68 2.29 2.36 3.19 3.40 4.97 5.68 6.20 7.99 14.80 17.19 28.43 32.55 28.37 44.50 49.14 61.26
4 1.70 0.92 0.46 0.00 1.16 1.49 2.10 1.96 2.67 2.68 4.14 4.59 5.00 5.45 5.66 7.67 12.92 14.42 25.45 25.34 22.33 37.99 45.68 45.93
5 3.12 1.46 0.57 1.16 0.00 0.05 0.79 0.30 0.74 0.71 1.73 2.15 2.85 3.47 4.05 5.11 9.29 8.52 15.47 17.32 15.53 23.17 36.29 31.82
6 4.92 2.57 1.19 1.49 0.05 0.00 0.75 0.27 0.66 0.59 1.64 2.07 2.76 3.35 3.97 4.83 8.65 7.68 15.49 16.64 14.73 22.16 37.30 30.71
7 5.14 2.68 1.63 2.10 0.79 0.75 0.00 0.45 0.44 0.57 0.67 0.75 2.40 3.20 3.68 4.57 9.26 8.29 15.83 17.24 18.49 24.61 42.68 35.39
8 5.06 3.25 1.68 1.96 0.30 0.27 0.45 0.00 0.02 0.13 0.07 0.12 1.60 2.20 2.66 3.45 7.58 6.67 13.81 15.25 16.59 24.65 40.61 26.08
9 7.19 4.10 2.29 2.67 0.74 0.66 0.44 0.02 0.00 0.09 0.02 0.05 1.44 2.40 2.95 3.74 7.63 6.87 13.92 15.32 16.57 24.42 40.61 26.26
10 6.43 4.48 2.36 2.68 0.71 0.59 0.57 0.13 0.09 0.00 0.07 0.39 1.74 2.30 2.89 3.67 7.75 6.65 14.09 15.43 16.77 24.63 41.02 26.12
11 8.76 5.46 3.19 4.14 1.73 1.64 0.67 0.07 0.02 0.07 0.00 0.02 1.33 1.85 2.39 3.20 7.44 6.82 13.44 15.71 17.11 24.57 41.65 28.16
12 10.09 5.54 3.40 4.59 2.15 2.07 0.75 0.12 0.05 0.39 0.02 0.00 1.32 1.81 2.37 3.42 8.60 8.21 14.29 18.50 19.64 28.96 46.28 32.49
13 13.96 8.32 4.97 5.00 2.85 2.76 2.40 1.60 1.44 1.74 1.33 1.32 0.00 0.35 0.32 0.57 1.84 2.30 3.55 3.80 4.43 8.42 10.22 9.37
14 14.12 9.35 5.68 5.45 3.47 3.35 3.20 2.20 2.40 2.30 1.85 1.81 0.35 0.00 0.06 0.31 1.11 1.70 2.48 2.54 2.99 6.56 7.67 7.62
15 14.87 10.13 6.20 5.66 4.05 3.97 3.68 2.66 2.95 2.89 2.39 2.37 0.32 0.06 0.00 0.03 0.39 0.72 1.12 1.01 1.48 4.86 5.50 5.67
16 17.84 11.58 7.99 7.67 5.11 4.83 4.57 3.45 3.74 3.67 3.20 3.42 0.57 0.31 0.03 0.00 0.14 0.35 0.44 0.45 0.64 4.07 4.34 4.58
17 29.95 23.56 14.80 12.92 9.29 8.65 9.26 7.58 7.63 7.75 7.44 8.60 1.84 1.11 0.39 0.14 0.00 0.20 0.25 0.25 0.36 3.91 4.12 4.38
18 37.98 29.93 17.19 14.42 8.52 7.68 8.29 6.67 6.87 6.65 6.82 8.21 2.30 1.70 0.72 0.35 0.20 0.00 0.12 0.31 0.19 3.59 3.58 3.96
19 39.37 34.28 28.43 25.45 15.47 15.49 15.83 13.81 13.92 14.09 13.44 14.29 3.55 2.48 1.12 0.44 0.25 0.12 0.00 0.06 0.10 3.49 3.32 3.67
20 60.77 50.73 32.55 25.34 17.32 16.64 17.24 15.25 15.32 15.43 15.71 18.50 3.80 2.54 1.01 0.45 0.25 0.31 0.06 0.00 0.06 3.41 3.36 3.70
21 58.92 50.08 28.37 22.33 15.53 14.73 18.49 16.59 16.57 16.77 17.11 19.64 4.43 2.99 1.48 0.64 0.36 0.19 0.10 0.06 0.00 3.30 3.13 3.56
22 84.98 67.05 44.50 37.99 23.17 22.16 24.61 24.65 24.42 24.63 24.57 28.96 8.42 6.56 4.86 4.07 3.91 3.59 3.49 3.41 3.30 0.00 0.09 0.43
23 86.46 65.71 49.14 45.68 36.29 37.30 42.68 40.61 40.61 41.02 41.65 46.28 10.22 7.67 5.50 4.34 4.12 3.58 3.32 3.36 3.13 0.09 0.00 0.13
24 101.32 85.55 61.26 45.93 31.82 30.71 35.39 26.08 26.26 26.12 28.16 32.49 9.37 7.62 5.67 4.58 4.38 3.96 3.67 3.70 3.56 0.43 0.13 0.00
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